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Nowadays NLEEs i.e., partial differential equations with time
derivatives, have become a useful tool for describing the natu-
ral phenomena of science and engineering. The investigation of
traveling wave solutions of NLEEs plays a signiﬁcant role in
the study of nonlinear physical phenomena. The study of trav-
eling wave solutions of NLEEs plays an important role to look
into the internal mechanism of complicated physical phenom-
ena. Most of the physical phenomena such as, ﬂuid mechanics,
quantum mechanics, electricity, plasma physics, chemical kine-
matics, propagation of shallow water waves, and optical ﬁbersare modeled by nonlinear evolution equation, and the appear-
ance of solitary wave solutions in nature is somewhat frequent.
But, the nonlinear processes are one of the major challenges
and not easy to control because the nonlinear characteristic
of the system abruptly changes due to some small changes of
valid parameters including time. Thus the issue becomes more
complicated and hence ultimate solution is needed. Therefore,
the study of exact solutions of NLEEs plays a vital role to
understand the physical mechanism of nonlinear phenomena.
Advanced nonlinear techniques are signiﬁcant to solve
inherent nonlinear problems, particularly those involved in
dynamical systems and related areas. In recent years, there
become signiﬁcant improvements in ﬁnding the exact solutions
of NLEEs. Many effective and powerful methods have been
established and improved [25,27], such as, the Hirota’s bilinear
transformation method [13,14], the tanh-function method
[16,20,26], the (G0/G)-expansion method [3–6,21], the
Exp-function method [12,7,19,18], the homogeneous balance
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decomposition method [2], the homotopy perturbation method
[17], the extended tanh-method [1,10], the auxiliary equation
method [22], the Jacobi elliptic function method [8], Weierst-
rass elliptic function method [15], modiﬁed Exp-function
method [11], and the modiﬁed simple equation method [28–30].
Recently, Jawad et al. [28] proposed the MSE method to
solve NLEEs arising in mathematical physics. Right after this
pioneer work, this method became popular among the research
community, and many studies reﬁning the initial idea have
been published [29,30].
The objective of this article was to look for new use relating
to the MSE method for solving the nKG equation and mZK
equation and demonstrates the advantage and straightfor-
wardness of the method.
The article is organized as follows: In Section 2, the MSE
method is discussed. In Section 3 the MSE method is applied
to ﬁnd exact traveling wave solutions of the nonlinear evolu-
tion equations pointed out above; in Section 4, comparison
between the MSE method and the Exp-function method for
nKG equation is discussed, and in Section 5 conclusions are
given.2. Description of MSE method
Suppose we have a nonlinear evolution equation in the form,
}ðu; ut; ux; uxx; utt; . . .Þ ¼ 0; x 2 R and tP 0; ð2:1Þ
where } is a polynomial of u(x, t) and its partial derivatives
wherein the highest order derivatives and nonlinear terms are
involved. The focal steps of the MSE method [28–30] are as
follows:
Step 1: The traveling wave transformation [21],
uðx; tÞ ¼ uðnÞ; n ¼ kðx xtÞ; ð2:2Þ
where x is the speed of traveling wave, k is the wave number.
The traveling wave transformation Eq. (2.2) permits us to
transform Eq. (2.1) into the following ordinary differential
equation (ODE):
Pðu; u0; u00; . . .Þ ¼ 0; ð2:3Þ
where P is a polynomial in u(n) and its derivatives, forasmuch
u0ðnÞ ¼ du
dn.
Step 2: Assume that the formal solution of Eq. (2.1) can be
expressed in the form:
uðnÞ ¼ A0 þ
XN
i¼1
Ai
U0ðnÞ
UðnÞ
 i
; ð2:4Þ
where N is a positive integer, AN „ 0, and Ai (i= 1, 2, 3, . . ., N)
are arbitrary constants to be determined, and U(n) is an
unknown function to be determined afterward, such that
U0(n) „ 0.
In the tanh-function method [16,20], the (G0/G)-expansion
method [6,4,5,21], the Exp-function method [12,7,19,18], and
so forth, the solution is offered in terms of some predeﬁned
functions, but in the MSE method, U is not predeﬁned or
not a solution of any predeﬁned differential equation. This is
the good point of the MSE method.Step 3: The positive integer N that occurs in Eq. (2.4) can be
determined by considering the homogeneous balance
between the highest order derivatives and the nonlinear
terms appearing in Eq. (2.1) or Eq. (2.3). Moreover, the
degree of u(n) is deﬁned as D(u(n)) = N which gives rise
to the degree of other expression as follows:
D
dqu
dnq
 
¼Nþ q; D up d
qu
dnq
 s 
¼Npþ sðNþ qÞ: ð2:5Þ
Therefore, it is easy to ﬁnd the value of N in Eq. (2.4), using
Eq. (2.5).
Step 4: Substitute Eq. (2.4) into (2.3), and calculate all the
necessary derivatives u0; u00; . . . of the unknown function
u(n) and then account the function U(n). As a result of this
substitution, a polynomial of Uj, (j= 0, 1, 2, . . .) with the
derivatives of U(n) will be found. In this polynomial equate
all the coefﬁcients of Uj to zero, where j= 0, 1, 2, . . .. This
procedure yields a system of algebraic and ordinary
differential equations. The values of AN’s can be found by
solving the algebraic equations, and to determine U(n),
ODEs are needed to solve. Substituting the values of AN
and U(n) into Eq. (2.4) completes the determination of
the solution of Eq. (2.1).
3. Applications
3.1. The nonlinear Klein–Gordon equation
In this sub-section, the MSE method is used to ﬁnd the exact
solutions of the nKG equation [23],
utt  uxx þ auþ bu3 ¼ 0; ð3:1Þ
where a and b are nonzero parameters.
It arises in many physical problems including nonlinear dis-
persion [33,34] and nonlinear meson theory [35,36].
The traveling wave transformation,
uðx; tÞ ¼ uðnÞ; n ¼ kðx xtÞ; ð3:2Þ
transforms the Eq. (3.1) to the following ODE:
k2ðx2  1Þu00 þ auþ bu3 ¼ 0 ð3:3Þ
Balancing the highest order derivative u00 and nonlinear
term of the highest order u3, yields N+ 2= 3N which gives
N= 1.
Therefore, solution Eq. (2.4) becomes,
uðnÞ ¼ A0 þ A1 U
0
U
 
; ð3:4Þ
where A0 and A1 are constants such that A1 „ 0, and U(n) is an
unidentiﬁed function to be determined. It is easy to calculate
that,
u0 ¼ A1 U
00
U
 U
0
U
 2" #
: ð3:5Þ
u00 ¼ A1 U
000
U
 3A1 U
00U0
U2
þ 2A1 U
0
U
 3
: ð3:6Þ
u3 ¼ A31
U0
U
 3
þ 3A21A0
U0
U
 2
þ 3A1A20
U0
U
 
þ A30: ð3:7Þ
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ing the coefﬁcients of U0, U1, U2, U3 to zero, yields
aA0 þ bA30 ¼ 0: ð3:8Þ
k2ðx2  1ÞU000 þ aþ 3bA20
 
U0 ¼ 0: ð3:9Þ
k2ðx2  1ÞU00  bA0A1U0 ¼ 0: ð3:10Þ
2k2ðx2  1ÞA1 þ bA31
 
U03 ¼ 0: ð3:11Þ
Solving Eqs. (3.8) and (3.11), we obtain
A0 ¼ 0;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃabp
b
and A1 ¼  k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2bðx2  1Þp
b
since A1–0:
Case-I:When A0 = 0, substituting this value into Eqs. (3.9)
and (3.10) yields an absurd solution. Hence the case is
rejected.
Case-II: When A0 ¼ 
ﬃﬃﬃﬃﬃﬃ
ab
p
b , Eqs. (3.9) and (3.10) yield,
U000
U00
þ l ¼ 0; ð3:12Þ
where l ¼ aþ3bA20bA0A1 .
Integrating, Eq. (3.12) with respect to n, yields
U00 ¼ c1 expðlnÞ: ð3:13Þ
Eqs. (3.13) and (3.10), yield
U0 ¼ c1 k
2ðx2  1Þ
bA0A1
expðlnÞ: ð3:14Þ
Therefore, upon integration, we obtain
U ¼ c2  c1 k
2ðx2  1Þ
aþ 3bA20
expðlnÞ; ð3:15Þ
where c1 and c2 are arbitrary constants. Substituting the values
of U and U0 into Eq. (3.4) yields the following exact solution,
uðnÞ ¼ A0 þ A1 ðaþ 3bA
2
0Þ
bA0A1
 c1k
2ðx2  1Þ expðlnÞ
c2ðaþ 3bA20Þ  c1k2ðx2  1Þ expðlnÞ
: ð3:16Þ
Putting the values of A0, A1 l and simplifying, we obtainuðx; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃa
b
r

ﬃﬃﬃﬃﬃﬃa
b
r 2c1k2ðx2  1Þ cosh ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃa2ðx21Þq ðx xtÞ
 
þ sinh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðx21Þ
q
ðx xtÞ
  
ðc1k2ðx2  1Þ þ 2c2aÞ cosh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðx21Þ
q
ðx xtÞ
 
þ ðc1k2ðx2  1Þ  2c2aÞ sinh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðx21Þ
q
ðx xtÞ
  ð3:17ÞSince c1 and c2 are arbitrarily constants, therefore, if we set
c2 ¼ c1k
2ðx21Þ
2a and if ab< 0 (i.e. a and b are opposite sign) and
a
x21 > 0, Eq. (3.17) reduces to:
uðx; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðx2  1Þ
 s
ðx xtÞ
( )
: ð3:18Þ
Again setting c2 ¼  c1k
2ðx21Þ
2a and if ab< 0 and
a
x21 > 0,
Eq. (3.17) reduces to:uðx; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
coth
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðx2  1Þ
 s
ðx xtÞ
( )
: ð3:19Þ
If ax21 < 0, then Eqs. (3.18) and (3.19), yield
uðx; tÞ ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ðx2  1Þ
 s
ðx xtÞ
( )
; ð3:20Þ
and
uðx; tÞ ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
b
 s
cot
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
2ð1 x2Þ
 s
ðx xtÞ
( )
; ð3:21Þ
respectively.
Since c1 and c2 are arbitrary constants, for other choices of
c1 and c2 it might yield much new and more general exact
solutions of the nonlinear Klein–Gordon equation without
any aid of symbolic computation software.
The solutions u(x, t) obtained in Eqs. (3.18) and (3.19) are
presented in the following ﬁgures: (see Figs. 1 and 2).
Remark 1. Solutions (3.18)–(3.21) have been checked with
Maple by putting them back into the original equation and
found correct.3.2. The (2 + 1)-dimensional modiﬁed ZK equation
In this subsection the MSE method will be applied to ﬁnd the
exact solutions and then the solitary wave solutions to the
mZK equation in the form,
ut þ u2ux þ uxxx þ uxyy ¼ 0: ð3:22Þ
The wave transformation u(x, y, t) = u(n), n= x+ y  xt
transforms Eq. (3.22) to the following ordinary differential
equations:
xu0 þ u2u0 þ 2u000 ¼ 0: ð3:23Þ
Integrating Eq. (3.23) with respect to n, choosing constant
of integration to zero, gives
6u00 þ u3  3xu ¼ 0: ð3:24ÞThe homogeneous balance the highest order derivative u00
and the nonlinear term u3, provide n= 1. In view of that,
Eq. (2.4) takes the form,
uðnÞ ¼ A0 þ A1 U
0ðnÞ
UðnÞ
 
: ð3:25Þ
where A0 and A1 are constants to be determined such that
A1 „ 0. It is easy to see that
Figure 1 Kink wave of Klein–Gordon equation obtained from
Eq. (3.18) for a= 6, b= 2 and x= 2.
Figure 2 Singular soliton of Klein–Gordon equation obtained
from Eq. (3.19) for a= 6, b= 2 and x= 2.
Figure 3 Bell-shaped wave of mZK equation obtained from Eq.
(3.39) for y= 0 and x= 1.
Figure 4 Periodic wave of mZK equation obtained from Eq.
(3.41) for y= 0, x= 1.
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00
U
 U
02
U2
 
ð3:26Þ
u00 ¼ A1 U
000
U
 3U
0U00
U2
þ 2U
03
U3
 
ð3:27Þ
Substituting Eq. (3.25) and (3.27) into Eq. (3.24) and equat-
ing all the coefﬁcients of U0, U1, U2, U3 to zero. Then we
obtain
A30  3xA0 ¼ 0: ð3:28Þ
6A1U
000 þ 3A20A1U0  3xA1U0 ¼ 0: ð3:29Þ
 18A1U00U0 þ 3A0A21U02 ¼ 0: ð3:30Þ
12A1U
03 þ A31U03 ¼ 0: ð3:31ÞEqs. (3.28) and (3.31) give,
A0¼0; A0¼
ﬃﬃﬃﬃﬃﬃ
3x
p
; A1¼I2
ﬃﬃﬃ
3
p
; sinceA1–0: ð3:32Þ
Case 1: If A0 = 0 then we get the trivial solution. So, this
case is rejected.
Case 2: If A0 ¼ 
ﬃﬃﬃﬃﬃﬃ
3x
p
;A1 ¼ I2
ﬃﬃﬃ
3
p
then from Eqs. (3.29)
and (3.30), we obtain
U000
U00
¼ I ﬃﬃﬃﬃxp : ð3:33Þ
Integrating Eq. (3.33) with respect to n, we get
U00 ¼ c1 expðI
ﬃﬃﬃﬃ
x
p
nÞ: ð3:34Þ
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U000 ¼ c1I
ﬃﬃﬃﬃ
x
p
expðI ﬃﬃﬃﬃxp nÞ: ð3:35Þ
From Eqs. (3.29) and (3.35), we get
U0 ¼ c1
I
ﬃﬃﬃﬃ
x
p exp I ﬃﬃﬃﬃxp n : ð3:36Þ
And then integrating Eq. (3.36) with respect to n, we obtain
U ¼ 1
x
xc2  c1 exp I
ﬃﬃﬃﬃ
x
p
n
  
: ð3:37Þ
where c1 and c2 are constants of integration.
Substituting Eqs. (3.36) and (3.37) into Eq. (3.25), we get
uðx; y; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃ
3x
p
 c1
ﬃﬃﬃﬃﬃﬃ
3x
p
 exp I
ﬃﬃﬃﬃ
x
p ðxþ y xtÞð Þ
xc2  c1 exp I
ﬃﬃﬃﬃ
x
p ðxþ y xtÞð Þ : ð3:38Þ
Setting c1 = xc2 and c1 = xc2 into Eq. (3.38), we have
respectively the following solitary wave solutions for x< 0.
u1;2ðx; y; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃ
3x
p
tanh
I
ﬃﬃﬃﬃ
x
p
2
ðxþ y xtÞ
 
: ð3:39Þ
u3;4ðx; y; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃ
3x
p
coth
I
ﬃﬃﬃﬃ
x
p
2
ðxþ y xtÞ
 
: ð3:40Þ
Using the hyperbolic functions identities, Eq. (3.39) and
(3.40) give the following periodic traveling wave solutions
when x> 0
u5;6ðx; y; tÞ ¼ I
ﬃﬃﬃﬃﬃﬃ
3x
p
tan
ﬃﬃﬃﬃ
x
p
2
ðxþ y xtÞ
 
: ð3:41Þ
u7;8ðx; y; tÞ ¼ I
ﬃﬃﬃﬃﬃﬃ
3x
p
cot
ﬃﬃﬃﬃ
x
p
2
ðxþ y xtÞ
 
: ð3:42Þ
The solutions u(x, y, t) obtained in Eqs. (3.39) and (3.41)
are presented in the following ﬁgures: (see Figs. 3 and 4)
Remark 2. Solutions (3.38)–(3.42) have been checked with
Maple by putting them back into the original equation and
found correct.4. Comparison
Bekir and Boz [9] investigated exact solutions of the nKG
equation by using the Exp-function method and obtained only
one solution (see Appendix A). On the contrary by using the
MSE method in this article we obtained four solutions with
less calculation. Bekir and Boz used the symbolic computation
software such as Maple to facilitate the calculation of the alge-
braic equations occurred in the solution procedure. Without
symbolic computation software even it is impossible to get
the solutions of the complicated algebraic equations given in
(A.3) (see Appendix A). On the other hand, it is noteworthy
to mention that the exact solutions of the nKG equations have
been achieved in this article without using any symbolic
computation software, since the computations are very simple
and easy. Similarly for any nonlinear evolution equation it can
be shown that the MSE method is much easier than other
methods.5. Conclusions
In this article, we have successfully implemented the MSE
method to ﬁnd the exact traveling wave solutions of the
nKG equation and the mZK equation. Comparing the MSE
method to other methods, we assert that the MSE method is
straightforward, efﬁcient, and can be used to many other non-
linear evolution equations. In the existing methods, such as,
the (G’/G)-expansion method, the Exp-function method, the
tanh-function method it is required to make use of the
symbolic computation software, such as Mathematica or
Maple to facilitate the complex algebraic computations. On
the other hand, via the MSE method, the exact and solitary
wave solutions to these equations have been achieved without
using any symbolic computation software because the method
is very simple and has easy computations. The general problem
of the MSE method is that, it cannot solve the NLEEs having
balance number greater than or equal to two. To ﬁnd out the
problem why MSE method fails to solve the NLEEs with
balance number more than or equal to two is the possible
direction of further study.Acknowledgments
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Bekir and Boz [9] examined the exact solutions of the
nonlinear Klein–Gordon equation by making use of the
Exp-function method. They assumed the solution is of
the form,
uðnÞ ¼
Pd
n¼c an expðnnÞPq
m¼p bm expðmnÞ
ðA:1Þ
Balancing the highest (lowest) order linear terms with the
highest (lowest) order nonlinear term they obtained p= c
(q= d). First they choose p= c= 1 and q= d= 1. There-
fore, the solution Eq. (A.1) takes the form,
uðnÞ ¼ a1 expðnÞ þ a0 þ a1 expðnÞ
expðnÞ þ b0 þ a1 expðnÞ ðA:2Þ
for simplicity they assumed b1 = 1 in the denominator.
Substituting (A.2) into the Klein–Gordon Eq. (3.1) they
obtained,
1
A
E3 expð3nÞ þ E2 expð2nÞ þ E1 expðnÞ þ E0 þ E1 expðnÞ½
þE2 expð2nÞ þ E3 expð3nÞ ¼ 0
where A= (exp (n) + b0 + b1 exp (n))3
268 R. Islam et al.E3 ¼ a1ða21  1Þ;
E2 ¼ ðx2  k2  1Þa0 þ 3a21a0 þ ðx2  k2  2Þa1b0;
E1 ¼ 3a21a1  4k2a1 þ x2a1b20  x2a0b0  k2a1b20 þ k2a0b0
 a1b20  2a0b0 þ 3a1a20 þ 4x2a1  4x2a1b1 þ 4k2a1b1
 a1  2a1b1;
E0 ¼ 3k2b0a1 þ 3x2a1b1b0 þ 3x2a1b0  6x2a0b1
þ 6k2a0b1  2a1b1b0  2a0b1 þ 6a1a1a0  2a1b0
 3k2a1b1b0 þ a30  a0b20;
E1 ¼ 3a1a21  a1b21  2a0b1b0 þ x2a1b20 þ k2a1b20  a1b20
 x2a0b1b0 þ k2b0b1a0 þ 3a20a1 þ 4x2a1b11
 4x2a1b1  4k2a1b1 þ 4k2a1b1  2a1b1;
E2 ¼ 3a0a21  x2a0b21  2a1b1b0  k2a0b21  a0b21
þ k2b0b1a1  x2a1b1b0;
E3 ¼ a1 a21  b21
 
: ðA:3Þ
From Eq. (A.3), we observe that it is impossible to solve
these equations without using symbolic computation software.
Therefore, solving the over-determined set of algebraic
equations with aid of Maple, they obtained
a1 ¼  1
4
b20; a0 ¼ 0; a1 ¼ 1; b1 ¼
1
4
b20;
x ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2 þ 2
p
:
Thus they obtained the only one solution,
uðx;tÞ¼
exp kxþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2þ2
p
t
	 

1
4
b20 exp ðkxþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2þ2
p
tÞ
	 

exp kxþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2þ2
p
t
	 

þb0þ14b20 exp  kxþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2þ2
p
t
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